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Motivation

e Open quantum systems - quarkonia (cc or bl_9) In quark-gluon plasma

* Schwinger model as a benchmark model for QCD

* Tensor networks for open quantum field theory =nvironment
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Theory

Schwinger model staggered Hamiltonian

N-2
Hy=x Z (SJ“S,Hrl + S, S;H) Kinetic hopping term  x = 1/(ag)*
n=0
1 N-2 N-1
4 z Z (N—k-127, Long range Coulomb interaction
2 n=0 k=n+1
+Nz_‘f N_Drl o 1)) Z, Electric field t
— — — —— — n —
1 5 |5 0 7 eCtric Tie erm
n=0
- N—1 Gauss's law
+—/x ) (=17, Mass term =1
g p— L = Z 0,
, 1 1, k=0
+iG(N—=1)+ =[N+ =N Constants

2 3 Q = +(—1)")/2



Theory

Total Hamiltonian

H=H¢+ Hp + H, Total Hamiltonian of both system and environment

Environment Hamiltonian

1 1 1 1
H, = de [—H2 +— (V) + —myp” +—gp*
2 2 2 4! gb4 scalar field theory

H; = de (2p(x)) (1/7()6)1//(?6))

T g Yukawa interaction between system and environment
O(x)  Ogx)

PRD 108.094518



Theory

Quantum Brownian motion limit

T
~ Relaxation time of the system

( Hl(int)) 2

TR

tp~ /T Environment correlation time

tg~ 1/Hg  Intrinsic time scale of the system

Tr 2 T Markovian dynamics valid when H; is weak

Separation of time scales
P Ts> T Valid when T > H

e PHe Environment is assumed thermal
Trp(e—PHe) at fixed temperature T'= 1/

(lm)(t) = PE =



Theory

Lindblad master equation

dp(1) Lindblad

1
= — | [Hsa PS(t)] +a’ Z D(x; — x) (L(Xz)PSLT(xl) 5 {LT(XI)L()Q)’pS}) master

dt .
XX equation



Theory

Lindblad master equation

dp(1) Lindblad

1
= i |Hg, pg(0)| + a” Z D(x; — x,) (L(xz)pSLT (x{) — > {L7(x))L(x,), pS}) naster

XX equation




Theory

Lindblad master equation

L(na) = O(n) — — [O(n) H] '—'”Odpkgfg Jump

4t ' 1 Lindblad
;; = — 1 [HS’ PS(t)] + dz Z D()Cl — xz) (L(XZ)pSLT(xl) _ 5 {LT(XI)L(XZ),IDS}) master
e equation

o0

D(x; — x,) = /IZJ dtlJ dt,Trg [ (11, x) "8y, x2)pg]

— Q0




Theory —

. _ O(n) — (_1)}1 n
Lindblad master equation Da
L(na) = O(n) — — [O(n) H] L'”Odp%f; Jump
s 1 Lindblad
Pgt( ) = — [HS, Ps(t)] + a? Z D(x; — x,) (L(xz)pSLT(xl) -5 {LT(xl)L(Xz),,Us}) master
e equation

o0

D(x; — x,) = /IZJ dtlJ dt,Trg [ (11, x) "8y, x2)pg]

— Q0




Theory Z 11

. : O(n) = (—=1)"'—
Lindblad master equation 2a
Lindblad jump
operators
dp(?) | 1 Lindblad
Cz = — i |Hg, py(0)| + a” Z D(x; — x,) (L(xz)pSLT (x{) — > {L7(x))L(x,), pS}) naster
XX equation

o0

D(x; — x,) = /IZJ dtlJ dt, T [p0(t), x))p " (ty, x))p| | = D8,

— Q0



Methods

Time evolution
ps(t) = Lpg(1) Lindblad master equation
ps(t) = e’ 'p(t =0) = e~ oaatZL event L Taylorp o(t = () Formal solution

el v eL et TinTeZ saiT e Tayior T @ L evenT 4 (0 (72) Integration scheme



Results
String state

* Dirac vacuum eigenstate in infinite mass limit  |y) = [10..10), p = |y)(y]
 Absence of electrical charge O, =< +1)"H2, nel0ON—-1]
» Create positive/negative charge pair by spin flipping gives string state

* Evolve both states and track subtracted observables

 Subtracted electric field (SEF) from Gauss’s law

n—1
Ln — Z Qk AF(VL) — Lr(lString) _ sz(zDimC)
k=0



(a) : AF(n) (b) : AQ(n)
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Results

Thermalization time definition

 Both states evolve to the same steady state
 Middle link has largest thermalization time to steady state

* Define thermalization time as time taken by the SEF of middle link to reach
30% of its initial value

10
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Results
TT vs D, m, [,

e x=1,7=0.01
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Results

Larger systems and symmetry preservation

« Thermalization time results agree to ©O(0.1) from N = 12 with N = 24

* The delta function dissipator = electric field parity symmetry

« N=100,D =0.15,x=4,m=0, 7 =0.001

« Measure of symmetry preservation: P = | AF(n=1)— AF(n=N—-—1-12) |
» Preserved symmetry to O (1()_4)

 Demonstrates scalabillity
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Results

Schwinger boson

e N=14,T=10,1,=0,m =0
o First excited state of H¢ minus its ground state

» Stable mesonic particle of H¢ : Schwinger boson

17
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Conclusion

e First TN simulation of OQFT

 |Investigated how D, lo, m, Influence thermalization of mesonic states

» |dentified similarities with quarkonia in QGP
 Demonstrated robustness and scalabillity

* QOutlook: extend to higher-dimensional gauge theories

******* Co-funded by
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Appendices

» Schwinger model staggered fermions Hamiltonian
* Derivation of the Lindblad master equation
* Results of the thermalization time against individual system parameters

» Subtracted kinetic energy time evolution

» Subtracted electric field against D, m, [, for N = 12, 24

* Schwinger boson thermalization dynamics

 Thermalization time vs temperature in QCD
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Theory

Schwinger model

. , _ 1 /. g0 Temporal gauge A, =0
H = — ip(x)y! (ax - lgA1> w(x) + myy + 5 (Al + —) 0
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Theory

Schwinger model

Two component Dirac spinor i ( | gé’) Temporal gauge Ay =0

H = — i)y’ (0, — igA,) w(x) + mijy + >
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Theory

Schwinger model

Two Compc?gentlDlraC §p|nor ) L /. o0 Temporal gauge Ay =0
H = —ip(x)y' (0, —igA;) wx) + mipy + P G R
/
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Theory

Schwinger model

Two Compc?gentlDlraC §p|nor ) L /. o0 Temporal gauge Ay =0
H == ip()y' (9, —igA;) w(x) + mpry + — | Ay +——
) | 2 27

Coupling term between
fermions and gauage fields
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Theory
Schwinger model

Two Compc?gentlDiraC §p|nor [_ 1/ b Temporal gauge Ay =0
H = —ip()y' (0, — igAy) wO) +mpy + = (A + =
) | 2 27

Coupling term between
fermions and gauage fields
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The Ory Electric fl?ld term

Schwinger model
Two Compc?gentlDlraC §p|nor [_ 1/ b Temporal gauge Ay =0
H = — ip(x)y' (0, — lglAl) p(x) + mipy + —
/

Coupling term between
fermions and gauage fields
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Theory

_ Topological
Schwinger model theta term
Two Compc?gentlDlraC §p|nor [_ /) gT@ Temporal gauge Ay =0
H = — ip(x)y' (0, — lglAl) p(x) + mipy + —
/

Coupling term between
fermions and gauage fields
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Theory

_ Topological
Schwinger model theta term
Two Compc?gentlDlraC §p|nor [_ /) gT@ Temporal gauge Ay =0
H = — ip(x)y' (0, — lglAl) p(x) + mipy + —
/

Coupling term between
fermions and gauage fields

Gauss’s law —0,A' = gy'y
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Theory

Schwinger model

o oy (0 A,) () 1 (A gé’) Temporal gauge Ay=0
= — W(x =1 X) +myy + — + — :
e e T\ Gauss’s law  —0,A! = gigy'y

. N-=2

N—1
l " ag
HS — = Z (¢;§Un¢n+1 — ¢Z_|_1U;zr¢n) T My Z (=1 ¢;§¢n T Z Lr%
n=0 n=0
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Theory

Schwinger model

o 07! (0, — igh,) w0 1 (A gé’) Temporal gauge Ay =0
= — (X =1 X)+myy+ — + — : B
T e T\ Gauss’s law  —0,A! = gigy'y

Number of lattice sites
T

. N-=2

N—1
l " ag
HS — = Z (¢;§Un¢n+1 — ¢Z_|_1U;zr¢n) T My Z (=1 ¢;§¢n T Z Lr%
n=0 n=0
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Theory

Schwinger model

N | i 1 /. g6 Temporal gauge Ag=0
K = —wpyx)y (8x—lgA1)l//(X)+ml/ﬂ/f+_ Ap+ - ; (1 _ 70
_ _ 2 27 Gauss’slaw —0,A" = gy y
Number of lattice sites
|
. T o N—1 T ag? N=2 :
HS — = Z et (¢n Un¢n+1 - ¢n+1Un¢n) T mlat’% (=1 ¢n¢n T H %Ln
/

Lattice site
number
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Theory

Schwinger model

e 1 , _ 1 /. g0 Temporal gauge Ay=0
H = —1iy(x)y (6x — lgA1> wx)+mpy+—[A +— | . 5
_ _ 2 27 Gauss’slaw —0,A" = gy y
Number of lattice sites
T
. T o N—1 T ag> N=2 :
Ho= — — ( Ud. -t Ul n)+ma _1y'gid, + L
S 261 ~ ¢n ln¢n+l ¢n+1 ¢ [ t%( ) ¢ ¢ 2 r;)

. ,'/ Link operator on
Lattice site| |the right of site n
number
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Theory

Schwinger model

N | i 1 /. g6 Temporal gauge Ag=0
H = —1iy(x)y (6x — lgA1> wx)+mpy+—[A +— | . 5
_ _ 2 27 Gauss’slaw —0,A" = gy y
Number of lattice sites .
T Lattice mass
. tN-] T ag> N=2 :
_ i _ AT gt _ 1)\
HS _ 2 ~ (¢n l{n¢n+1 ¢n+1Un¢n) T mlat}%( 1) ¢n¢n T N %Ln

. ,'/ Link operator on
Lattice site| |the right of site n
number
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Theory

Schwinger model

N | ) 1 /. g0 Temporal gauge Ayg=0
H = —1iy(x)y (6x — lgA1> wx)+mpy+—[A +— | . 0
- 2 21 Gauss’s law  —0,A" = gpy'y
Number of lattice sites . . . .
: Single component Dirac spinor
i N=2 PNl I ag2 N=2
Hy=—— (TU — ¢ U’ )+m — 1) + L’
\) 2 ~ ¢n ln¢n+1 ¢n+1 n¢n lat%( ) ¢ ¢ N ’E)

. ,'/ Link operator on
Lattice site| |the right of site n
number
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Theory

Schwinger model

1 /. g Temporal gauge Ay=0
%:—i_(x)l ax_iA (x) + my +_( ) .
WY ( & 1> v L d 2 Gauss’s law  —0,A' = gipy'y

Number of lattice sites _ _ . .
T Single component Dirac spinor

i N=2 PNl I ag2 N=2
HS — = Z (¢;§l{n¢n+l — ¢Z_|_1U;zr¢n) T My Z (= 1)n¢;¢n T H Z ll‘r%
n=0 n=0 n=0

. . [Link operator on Electric field operator
LattlcebS|te the right of site n on link to the right of site n
number
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Theory

Schwinger model

1 /. g Temporal gauge Ay=0
%:—i_(x)l ax_iA (x) + my +_( ) .
WY ( & 1> v L d 2 Gauss’s law  —0,A' = gipy'y

Number of lattice sites _ _ . .
T Single component Dirac spinor

i N=2 PNl I ag2 N=2 '
Hy=——— (ﬁl{nﬁbnﬂ =4l Ul ) + i ), ('l + == L Lobo=0
n=0 n=0 n=0

. . [Link operator on Electric field operator
LattlcebS|te the right of site n on link to the right of site n
number
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Theory

Schwinger model

N | ) 1 /. g0 Temporal gauge Ayg=0
H = —1iy(x)y (6x — lgA1> wx)+mpy+—[A +— | . 0
- 2 2 Gauss’slaw —0A" = gury
Number of lattice sites . . . .
T Single component Dirac spinor
i N=2 PNl I ag2 N=2 '
Hy==— 3 ($iUdbur = 81, Ui, ) + M 3, (V' DJ, + == 3 L2 L,—L,, =0,
2a n=0 l ! n=0 2 n=0 |

. . [Link operator on Electric field operator
Litalr%eb;te the right of site n on link to the right of site n

Charge operator

Q,=ad¢.p,— (1-(=1D")/2
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Theory

Schwinger model

o Ty (0, — igA,) w(x) + mip 1 (A gé’) Temporal gauge Ay=0
= —wX)y (0, — 184 ) w(X)+ myy + — + — : -
! 2 Y Gauss’s law —61A1 = gl//yol//
; N=2 ”r o N—1 T ag’ N-2 i '
HS — = Z (¢n Un¢n+1 o ¢n+1Un¢n) T My, Z (=1 ¢n¢n T H Z L, L,— L, = Qn
n=0 n=0 n=0
Charge operator

Q,=ad¢.p,— (1-(=1D")/2
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Theory

Schwinger model

o 07! (0, — igh,) w0 1 (A gé’) Temporal gauge Ay =0
= — (X =1 X)+myy+ — + — : B
e e 2\ Gauss’s law  —0,A! = gigy'y

i N-2 2 N—

N—-1 2 v
n as
Hy = (A1UBrr = &), Uib) +mig 3, V' Bl +—= Y L2 L,=L,, =0,
n=0 n=0

2d
n=0

Unitary transformation
on fields and solving Gauss’s law

Charge operator
0, =i, — (1= (=1)")/2
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Theory

Schwinger model

o 07! (0, — igh,) w0 i 1 (A gé’) Temporal gauge Ay =0
= —wX)y (0, — 184 ) w(X)+ myy + — + — :
1 2\ Gauss’s law  —0,A! = gigy'y

. N-=-2 2 N-2 v
l " ag
HS — 261 (¢ ¢n+ ¢n+1 n¢ ) T mlatz( 1) ¢T¢ T ZLz Ln - Ln—l = Qn
n=0
Unitary transformation
i O (s on fields and solving Gauss’s law
HS — 261 <¢ ¢n+ ¢n+1¢ )
n=0

3 ag’ v
+mlat2 ( 1)”¢T¢ + Z (l() + Z Qk) g

0, = ¢uby— (1= (=1)")12
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Theory

Schwinger model

o Ty (0, — igA,) w(x) + mip 1 (A gé’) Temporal gauge Ay=0
= — X 1 X) + myy + — + — :
o aad LA Gauss’s law  —0,A! = gigyy
. N=2 N—1 2 N—2
l nop
HS — 2 (¢ ¢n+ ¢n+1 ¢n) T My, Z (=1 ¢n¢n +
a n=0 n=0
LN (g 0  Constant background
H= =503 (4, )
ST 24 — PnPnsi ¢”+1¢ lo = I electric field
—1 2 N-2
’ ag
+mlat2( 'l + = (10+2Qk> 2= b
0, = b, — (1 = (=1)")/2



Theory

Staggered Hamiltonian

N /

+= > Y N—k-1ZzZ

n=0 k=n+1

4 2

n=0 2

- N—1
+—2\/x ) (=1)'Z,
5 n=0

2 1 1 2
N = D)+ —lN + =N

l 23
Jordan-Wigner
transformation
Kinetic hopping term x = 1/(ag)*

Long range Coulomb interaction

N-=-2
N 1]|n o
+ Z (- — — [—} + [y(N — n — 1)) Z, Electric field term

Mass term

Constants
Q,=Z,+(=1)")/2



Theory

Derivation of Lindblad master equation (LME)

dp™(1) _
dt

Interaction picture von Neumann
equation of motion

_ l Hl(int)’ p(int)(t)]

24



Theory

Derivation of Lindblad master equation (LME)

Interaction picture von Neumann
equation of motion

24



Theory

Derivation of Lindblad master equation (LME)

Hl(int)(t) — iHsHHR! p p=ilHsHHR! J degm)(t’ X) Oéint)(t, X)

p(int)(t) — ei(HS+HE)tp(t)e—i(HS+HE)t

" im0 g ) /

— _; l Hl(int)’ p(int)(t)]

Interaction picture von Neumann
equation of motion

24



Theory

Derivation of Lindblad master equation (LME)

O(1, x) = eMes' O g(x)e e

Hl(int)(t) — iHsHHR! p p=ilHsHHR! J degm)(t’ X) Oéint)(t, X)

p(int)(t) — ei(HS+HE)tp(t)e—i(HS+HE)t

" im0 g ) /

— _; l Hl(int)’ p(int)(t)]

Interaction picture von Neumann
equation of motion

24



Theory

Derivation of Lindblad master equation (LME)

O(1, x) = eMes' O g(x)e e

Hl(int)(t) — iHsHHR! p p=ilHsHHR! J degm)(t’ X) Oéint)(t, X)

p(int)(t) — ei(HS+HE)tp(t)e—i(HS+HE)t

" im0 g ) /

— _; l Hl(int)’ p(int)(t)]

Interaction picture von Neumann
equation of motion

Trace out the environment
degrees of freedom

24



Theory

Derivation of Lindblad master equation (LME)

O(im)(t, X) — eiHE/StOE/S(x)e—iHE/St

E/S

. . T . .
(D7) = QiHsHHRL () =ilHgtH)E Hl(’”t)(t) = o' WstHpl [ o —1(HstHp)l — deOg”t)(t, x)Oé””)(t, x)

dp(im)(t) /

— —_; l Hl(int)’ p(int)(t)]

pS(mr)(t) = Trg (p"(2)) = Tre (U@)p ™ 0)U' (1)) Trac(:jee é)ruetetggfef?ggggment

Interaction picture von Neumann
equation of motion

24



Theory

Derivation of Lindblad master equation (LME)

O(Znt)(t X) — eiHE/StOE/S(x)e—iHE/St

E/S

(D7) = IHsHHE) o p) o =iHsHHp) Hl(i”t)(t) = o' WstHpl [ o —1(HstHp)l — deOlg”t)(t, x)Oéi”t)(t, x)

dp(im)(t) ) /

— _ i | gt im0 ]
" l[ ;D)
(””)(t) = Trz (p™"(1)) = Trg (U(t)panr)(()) U'(0)) Trace out the environment

degrees of freedom
U(t) _ —lfo H (””)(t )dt’

Interaction picture von Neumann
equation of motion

24



Theory

Derivation of LME

pi(1) = pp =

e _:BHE

TrE(e_'BHE)

Environment is assumed thermal
at fixed temperature "= 1/f

25



Theory

Derivation of LME
¢ —PHE Environment is assumed thermal

(int) _ _
pp (1) = pp= Tr (e —PHr) at fixed temperature T'= 1/f

Born approximation: weak coupling between the system and environment

25
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Theory

Derivation of LME
¢ —PHE Environment is assumed thermal

(m)
1) = pp = Tr (e —PHr) at fixed temperature T'= 1/
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Thermalization time vs parameters
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Subtracted electric field vs D, m, [,
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Results

Mutual information

« von Neumann entropy: S(pS) — — Tr(pSln(pS))

» Mutual information: I(A, B) = S(p,) + S(pg) — S(p4p)
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Results

Thermalization time vs temperature

. Thermalization time ~ 1/J7J

Z +1
. Jump operator:  J(n) = O(n) — — [HS, O(n)] O(n) = (—1)" 5
a
TT inversely proportional to relaxation rate so we fit; f(I') = ———
) PP A (b + ¢/T)>?

PRD 108.094518
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Thermalization time vs temperature in QCD

42 N-l
Relaxation rate = 1/thermalization time = 1" ~ — Z D(k)J TJk

» Choosing delta function environment correlator =—> D(k) = constant

. InQCD: D(k) ~ T>

PRL 100.052301
PRD 108.094518



Schwinger boson thermalization dynamics
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